We have quantized a flat cosmological model in the context of the metric f (R) models, using the causal Bohmian quantum theory. The equations are solved and then we have obtained how the quantum corrections influence the classical equations.
Introduction
Extension of the Einstein-Hilbert Lagrangian from √ −gR to the general form √ −gf (R) is discussed in the literature [1] and used to answer a wide range of questions in general relativity such as the dynamics of galaxies and the present accelerated expansion of the universe [2] .
Corrections to the standard general relativity results may be investigated in two basic areas, the spherically symmetric solution [3] and in the cosmological models [2] . These are basically done in the classical regimes, although there are some works [4] dealing with quantum models.
Investigation of the problem how and how much the quantum effects gives additional corrections to the standard general relativity seems to be an important task at least in domains in which one expects large quantum corrections.
Although this can be done in the standard framework of quantum mechanics, as it is discussed in the literature [4] , using the causal interpretation of quantum mechanics introduced by de-Broglie and Bohm [5] is a good idea at least for gravity and cosmology. This is because Bohmian quantum mechanics does not suffer from some essential conceptual problems of the standard quantum mechanics which show themselves more transparently in gravity.
In addition Bohmian quantum gravity presents a framework which is simply be extended both in gravity side and in quantum mechanical side [6] .
In this paper, we shall investigate the quantum corrections to a flat cosmological model in f (R) gravity using Bohmian quantum mechanics. In the next section we briefly review the de-Broglie-Bohm method of causal inter-pretation of quantum mechanics. Next we shall use an effective lagrangian recently proposed in [7] and quantize it according to the de-Broglie-Bohm approach. Then we shall apply it to some specific functions f and discuss how the quantum effects change the classical equations and the physical quantities.
The Method of Causal Interpretation
Here we present a very brief review of causal quantum mechanics. For a more detailed review the reader can refer to [5] .
Bohmian quantum mechanics is motivated by writing ψ = Re iS/ in the non-relativistic quantum mechanics. The Shrödinger equation then gives the following two equations:
and
in which the quantum potential is given by:
Bringing in mind that R 2 gives the ensemble density of the particle under consideration (Born statistical postulate) these resemble the Hamilton-Jacobi theory of a system with the quantum Hamiltonian H Q = H c + Q where H c is the classical Hamiltonian. It is shown [5] that particle trajectories arising from this quantum Hamiltonian reproduce all quantum mechanical results including the measurement principle.
Accordingly one can generalize the above ideas and introduces the following way for quantizing any system, the method of causal interpretation:
1. Any quantum system is defined by its trajectory q(t) and a self-field ψ(q) (the wave function).
2. The self-field satisfy an appropriate wave equation, derived from the Dirac's quantization scheme (this is the Schrödinger equation for a nonrelativistic particle).
3. System trajectory is obtained by the quantum Hamiltonian H Q = H c + Q in which Q is defined in terms of the self-field ψ. The form of the quantum potential is obtained by setting ψ = Re iS/ in the wave equation.
Classical Model
The action functional of f (R) gravity is:
There are two approaches for deriving the equations of motion from this action. First one regards the metric as the dynamical variable and use the Christoffel symbols as the connections need to define R. Second approach is the metric-affine approach in which the metric and the connection are assumed independent dynamical variables. For the Einstein-Hilbert action for which f (R) = R, the field equations of the second approach leads to the equality of the connection and the Christoffel symbols, provided that the matter action do not depends upon the connection. Therefore the two approaches are identical in this case [8] . But for a general f (R) theory the two approaches are not necessarily equivalent except in the absence of matter in which case one gets Einstein's field equation with an arbitrary cosmological constant [9] .
Here we are working with metric approach. The equations of motion are then:
where a prime denotes differentiation with respect to R.
In this paper we are interested in the f (R) cosmological models. In order to make things simple, let us consider the case of a flat FLRW metric [7] :
The above field equations in vacuum simplify to:
in which H is the Hubble parameter:
and a dot over any quantity represents differentiation with respect to time.
It is important to note that the equations of motion are expressed solely in terms of H and R and their time derivatives. This is a special case for flat model. In the case of non flat universe the equations of motion also contain terms expressed explicitly in terms of a. Taking a and R as the dynamical variables, an effective Lagrangian can be introduced as [7] :
The canonical momenta are then:
and the Hamiltonian is:
The Hamilton equations:
leads to equation (7) and the relation:
The equation (8) is identical with
which represents the time reparametrization invariance of the system.
Alternatively, one can use the Hamilton-Jacobi equation which is identical to the equations of motion:
At this end, it must be noted that as it is shown in [7] the equations of motion have the fixed pointḢ =Ṙ = 0 which is de-Sitter space-time.
Quantum Model
The quantum version of the model of the previous section can be achieved via the method of canonical quantization. The Hamiltonian constraint is now:
In order to obtain the Bohmian trajectories we set:
and substitute this into wave equation. This leads to the continuity equation
and the modified Hamilton-Jacobi equation
in which the quantum potential is defined as:
where a * superscript represents differentiation with respect to a.
This shows that the quantum Hamiltonian is given by:
and the quantum equations of motion are:
leading to:
And the quantum Hamiltonian constraint H Q = 0 leads to:
The fact that the Hamilton equations derived from the Bohmian quantum
Hamiltonian (28) are identical with the Hamilton-Jacobi equation (26) is not trivial, at least for geometrodynamics. It is shown that for Bohmian quantum geometrodynamics (i.e. not only for the cosmological minisuperspace, but also for any general superspace) the two are identical and that the Bohmian evolution is consistent with the quantum Hamiltonian and 3-diffeomorphism constraints [10, 11] .
The fixed point of the equations of motion can be derived via lettinġ H =Ṙ = 0 leading to: It is possible to define an effective equation of state for the model via identifying the right hand side of equation (37) with effective density and the right hand side of equation (35) with effective pressure and treating 1/f ′ as the effective gravitational coupling constant. We have:
For the fixed point we have w ef f = −1 in accordance with type Ia supernovae results.
It is obvious that the fact that above equations can lead to accelerated expansion has its origin both in f (R) theory and in quantum effects. That is to say without postulation of dark energy, effects of f (R) and quantum contributions can accelerate the expansion of the universe. Whether which effect is dominant depends on the form of f and the quantum state of the system.
Solutions and Results
Usually f (R) is equal to R plus some additional terms. In order to have dimension of curvature for f , this additional terms have to contain a parameter having dimension of curvature. Therefore generally one can write:
in which β is a dimensionless parameter, R 0 is a constant of dimension of curvature and z is an arbitrary function. We shall assume that β is a small parameter. Expanding the wave function in terms of the powers of β:
the wave equation reduces to the following at each order of expansion:
• Zeroth order:
• First order:
• Second order:
• Third order:
The solution up to third order is then:
in which A 1 (a) · · · A 8 (a) are arbitrary functions of the scale factor arising as integration factors.
In order to extract physical results from this solution, we make some simplifications. We assume A 2 = A 3 = A 4 = A 5 = A 6 = A 7 = 0 without losing general character of this wave function. In addition we set A 1 = 1 and
To justify this point it should be noted that for a real wavefunction which we name it pure quantum state [12] the canonical momenta are zero.
It is shown that [10] , in the case of gravity this corresponds to the strong gravity limit of general relativity which is governed by the Carroll group.
This choice of A 1 and A 8 , leads to a complex wavefunction and thus non zero p a and p R which according to equations (33) and (34) corresponds to a time varying scale factor.
Therefore a simple solution up to the third order is:
in which
The quantum potential can be computed as:
The appearance of the negative powers of β is not an alarm, because one never can put it equal to zero in this model as the lagrangian (10) does not
give the correct equations of motion for the case f = R.
Using the relation (36) the difference of the quantum curvature scalar and classical curvature scalar can be defined as:
This gives the quantum correction to the curvature scalar as a function of the scale factor and curvature scalar.
As an example choosing βR 0 z = αR 2 we get:
The behavior of the quantum potential and quantum curvature are plotted in figures (1), (2) and (3) . It has to be noted that this approximate solution is valid only when |R| << 1/|α|.
As it is clear from figures (1), (2) and (3), four regions are distinguishable:
• The region a large and R c small in which the quantum potential goes to zero and and the quantum curvature goes to a flat surface on which quantum curvature equals to classical one. This is the classical regime.
• The region a and R c large in which again the quantum potential goes to zero. Although this is a classical regime, the classical trajectories do not go this region (we have not a universe with large a and large curvature).
• The region a and R c large in which the quantum potential blows up. In this regime the quantum curvature is small. This is a highly quantum regime. Note that classical trajectories do not come to this region (we have not a universe with large a and large curvature).
• And finally the region a small and R c large in which quantum curvature has a nonzero finite value. Again this is a quantum region. In this regime quantum trajectories deviate from the classical ones as we have small scale factor but the curvature does not blow up. This shows that as it is discussed previously [6] , the quantum potential corrections avoid the singularity of FRW model. This solution does not satisfy the criteria (40) for having de-Sitter stable solution, but in the limit R → ∞ and in the limit a → ∞ (our present universe) we have a fixed point.
As a second example we choose βR 0 z = α/R leading to: classical curvature (R c ) for the case f (R) = R + αR 2 . α is chosen to be
This solution does not satisfy the criteria (40) for having de-Sitter stable solution, but again in the limit R → 0 and in the limit a → ∞ (our present universe) we have a fixed point.
The behavior of the quantum potential and quantum curvature are plotted in figures (4), (5) and (6) .It has to be noted that this approximate solution is valid only when |R| >> |α|.
From figures (4), (5) and (6), one can distinguish three regions:
• The region a and R c large in which again the quantum potential is small. Although this is a classical regime, the classical trajectories do not go this region (we have not a universe with large a and large curvature).
• And Finally the region a small and R c large in which the quantum potential goes up. In this regime the quantum curvature is small. This is a highly quantum regime. Note that classical trajectories do not come to this region (we have not a universe with large a and large curvature).
In this regime quantum trajectories deviate from the classical ones as we have small scale factor but the curvature does not blow up. Again the quantum potential washes out the classical singularity.
Conclusions
Here we have quantized the metric f (R) theory of a flat cosmological model using the causal interpretation of quantum mechanics. It is shown that the acceleration of the universe depends both on the form of f and on the quantum potential. An important result is that according to this Bohmian quantum picture the quantum curvature differs in form from the classical one by a term proportional to the quantum force as equation (36) shows.
In order to investigate the behavior of such a model we considered two specific f 's (f = R+α/R and f = R+αR 2 ), and obtained the dependence of the quantum gravity on the scale factor and the quantum curvature and also the dependence of quantum curvature on the scale factor and the classical curvature. classical curvature (R c ) for the case f (R) = R + α/R. α is chosen to be
